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Abstract— The lattice Boltzmann method incorporating a
Casson non-Newtonian viscosity model for blood is used to
compare two-dimensional Newtonian and non-Newtonian
oscillatory flow simulations at Reynold's and Womersley's
numbers corresponding to aorta and brachial artery blood
flows. It is found that in both cases the Newtonian and nonNewtonian shear profiles exhibit differences, particularly near
the vessel walls. This has implications for arterial simulations
where shear stress is important.
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I. INTRODUCTION
Atherosclerotic cardiovascular disease is a leading cause
of morbidity in the industrialized world [1,2]. In the arterial
circulation, local haemodynamics play an important role in
the initiation and progression of vascular dysfunction and
atherosclerosis [2]. To date, the description of local haemodynamics has been based on the assumption that blood
behaves as a Newtonian fluid [3-6].
Blood is a concentrated suspension consisting of a number of formed elements suspended in plasma that exhibits
non-Newtonian shear thinning behavior. Modelling blood as
a Newtonian fluid is generally held to be a good first approximation, particularly when considering the velocity in
the larger vessels [3]. However, wall shear in the artery has
also been determined to be an important factor in the development of atherosclerosis [4-6]. This paper will examine
whether the assumption of Newtonian viscosity is still valid
for near wall shear stress in a two-dimensional oscillatory
flow using the lattice Boltzmann method (LBM)
The LBM uses a modified molecular dynamics approach
to simulate fluid flow and has been applied to many problems, including blood flow [7-11]. The simple lattice structure of the model, coupled with a sub-grid accurate extrapolation boundary scheme [12] makes the LBM suitable for
modelling fluid flow in complicated geometries such as
those found in arterial flow problems.
The LBM also has the advantage of being able to calculate the fluid shear stress at each node of the lattice [13],
negating the need for time-consuming derivations of the
shear from velocity field data. In addition the LBM can be
easily adapted to implement shear dependent nonNewtonian flows.

II. THEORETICAL BACKGROUND
A. The Lattice Boltzmann Method
The lattice Boltzmann method [14] has been developed
as an alternative method for simulating fluid flows. In the
LBM particle distribution functions, f i (x, t ) at point x at

time t evolve on a regular lattice. The subscript i denotes
the lattice link the distribution function is on. The distributions interact on the lattice in a way that conserves mass,
momentum, isotropy and Galilean invariance.
The evolution of the distribution functions on the lattice
is governed by the discrete Boltzmann equation [14]
⎛
⎞
f i (x + e i , t + 1) = f i (x, t ) − ⎜ f eq (x, t ) − f (x, t )⎟ τ , (1)
i
⎝ i
⎠
where τ is the relaxation time and f i

eq

will be discussed

below. In this paper we use the D2Q9 lattice, a twodimensional lattice with nine link directions i = 0, K ,8
defined as:
e i = (0,0 ),

(i = 0) ,

(i = 1,2,3,4),

e i = (cos(π (i − 1) 2 ), sin (π (i − 1) 2 )),

ei =

2 (cos[π (i − 1) 2 + π 4], sin[π (i − 1) 2 + π 4]),

(i = 5,6,7,8),

(2)

The fluid density ρ and velocity u can be calculated directly from each node by ρ = ∑i f i and ρu = ∑i f i e i . The
distribution
fi = fi

eq

+ fi

can

be

expanded

. The non-equilibrium part f i

further expanded as f i
(k )

fi

functions
neq

(k )

neq

= εf i

(1)

+ ε fi
2

(2 )

neq

as

can be

( ) where

+oε

3

∑i f i = ∑i f i e i = 0 for k = 1, 2 and ε is the Knudson
number.
The equilibrium form of the distribution function in two
dimensions for the D2Q9 lattice is given by [15]
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(

f i ( x, t ) = wi ρ 1 + 3e i ⋅ u + 9(e i ⋅ u )
eq

where w0

2

2 − 3u

2

2

)

(3)

= 4 9 , wi = 1 9 for i = 1,2,3, 4 and wi = 1 36

for i = 5,6,7,8 . τ is related to the kinematic viscosity ν by

ν = (2τ − 1) 6
(4)
The stress tensor for an incompressible fluid with pressure p is given by
σ αβ = − pδ αβ + 2νS αβ

where

(

δ αβ

is

the

S αβ = ∇ β uα + ∇ α u β

(5)

Kronecker

delta

and

) 2 is the strain rate tensor. It can

the brachial artery model. Here T is the period of the flow
U 0 is the peak velocity and L is the pipe diameter. These
numbers were chosen as typical physiological values for the
aorta and brachial arteries, calculated from parameters in
Haugen et al. [18] and Stoner et al. [19] respectively. T was
taken to be 0.75 s. For the Casson model η = k1 , this
limiting viscosity was taken to be the viscosity of the corresponding Newtonian flow. From equation (8) we see that
η → ∞ as γ& → 0 , thus a cut off was implemented to prevent numerical instabilities at zero shear rates. The effect of
this cut off on the apparent viscosity profile can be seen in
Figure 1d), varying this cut off did not significantly affect
the velocity or shear profiles.
2

be shown [7] that S αβ can be calculated in the LBM by

S αβ = − 3∑i f i e iα e iβ 2τ .
(1)

(6)

B. Casson Non-Newtonian Blood Viscosity model
In this paper the Casson shear rate dependent nonNewtonian blood viscosity model will be used [3,16]. In the
following discussion we will denote the second invariant of
the strain rate tensor as
2

D II = ∑ S αβ S αβ .

(7)

α , β =1

The strain rate is then defined as γ& =

D II .
The Casson model is broadly used to describe the shear
thinning behavior of blood. In this model the apparent viscosity, η , is given by

(

η (γ& ) = k 0 (c ) + k1 (c ) γ&

where

)

2

γ&

(8)

k 0 (c ) and k1 (c ) are functions of the hematocrit

(

)

c given by k 0 (c ) = (aζ ab − 1) k1 (c ) η p − 1
k1 (c ) = η p

and

(1 − c )ab−1 . Here, ηp is the plasma viscosity

and a , b, ζ are constant parameters determined from physiological measurements. In this paper parameters of
k 0 (c ) = 0.1937 and k1 (c ) = 0.055 were used [16].
III. METHOD
Oscillatory Newtonian and non-Newtonian flows driven
by a sinusoidally varying pressure gradient [17,18] in a rigid
2D pipe model were implemented using the LBM. The
Womersley

(

α = L π 2Tν

)

and

Reynold’s

( Re δ = U 0 T νπ ) numbers were taken to be α = 15 ,
Re δ = 300 for the aorta model and α = 3 , Re δ = 300 for

IV. RESULTS
Figure 1 shows the velocity profiles in the aorta model
across the width of the pipe normalised by the pipe diameter. The peak velocity, a), time 0.1T later, b), and the corresponding shear and apparent viscosity profiles for these
times, c) and d) respectively are shown. It is observed that
the velocity profiles agree closely, with the biggest differences (1.6%) occurring near the peak velocity in Figure 1a).
Similar behaviour was observed throughout the whole of the
oscillation period.
Differences in the shear occur over most of the profile.
The largest differences (9%) occur near the edge of the pipe.
In general the Casson non-Newtonian model predicts higher
shears throughout the period of flow. The Casson nonNewtonian shear is lower at radial positions of approximately ± 0.75, corresponding to peaks in the viscosity profile and a slight shift in the radial position of the velocity
peaks in Figures 1 a) and b).
The peaks in the viscosity profile coincide with stationary points of the velocity profile. The satellite peaks in the
viscosity profiles seen in Figures 1 c) and d) occur near the
edges of the pipe and correspond to the regions where the
greatest differences are observed in the velocity and shear
profiles.
Figure 2 shows the velocity profiles in the brachial artery
model at the peak velocity, a), at time 0.1T later, b), and the
corresponding shear and apparent viscosity profiles for
these times, c) and d) respectively. It is observed that at the
peak velocity, Figure 2a), the velocity profiles match
closely, however the predicted velocity profiles diverged
significantly (9%) at lower velocities. This effect can be
seen in Figure 2b).
The shear profiles differ over the whole of the pipe
width, see Figures 2 c) and d). Once again the largest difference (12%) occur near the wall of the pipe. These differences persisted throughout the period of flow. The Casson
non-Newtonian shear profile predicts larger shears than the
corresponding Newtonian flow, as was observed in the aorta
model.
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a)

b)

c)

d)

Fig 1: Aorta model velocity, shear and apparent viscosity profiles at peak velocity, a) and c), and at time 0.1T later, b) and d)

The viscosity profile also exhibited satellite peaks similar
to those observed in the aorta model (data not shown).
These peaks also corresponded to regions of lower Casson
non-Newtonian shear and stationary points in the velocity
profile.
III.

CONCLUSIONS

Newtonian viscosity is generally assumed to be a good
first approximation for large artery models. This approximation may be suitable for accurate velocity field predictions,
however the results in this paper suggest that care should be
taken with this assumption when shear dependant phenomena are being investigated.
Differences between Newtonian and Casson nonNewtonian velocities become more apparent in smaller
arteries such as the brachial.
In general, the largest observed differences in shear profiles occurred near the walls of the vessel. Such differences
may need to be taken into account when investigating

hemodynamical influences on physiological processes such
as atherosclerotic progression.
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Fig 2: Brachial model velocity, shear and apparent viscosity profiles at peak velocity, a) and c), and at time 0.1T later, b) and d)
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